QUASI-CONFORMAL MAPPINGS AND PERIODIC SPECTRAL 
PROBLEMS IN DIMENSION TWO 



EUGENE SHARGORODSKY AND ALEXANDER V. SOBOLEV 

Abstract. We study spectral properties of second order elliptic operators with peri- 
odic coefficients in dimension two. These operators act in periodic simply-connected 
waveguides, with either Dirichlet, or Neumann, or the third boundary condition. The 
main result is the absolute continuity of the spectra of such operators. The corner 
stone of the proof is an isothermal change of variables, reducing the metric to a flat one 
and the waveguide to a straight strip. The main technical tool is the quasi-conformal 
variant of the Riemann mapping theorem. 



1. Introduction 

According to a common belief, second order elliptic differential operators with periodic 
coefficients should not have degenerate bands in their spectra, or, in other words, their 
spectra should be purely absolutely continuous (see ||, Ul9| , [j33|1 ). The first rigorous 



proof of this fact was given by L. Thomas in |34| for the Schrodinger operator A + 
V with a periodic real-valued potential V. Further developments in this area were 
driven by the attempts to consider operators with ever increasing "strength" of the 
periodic perturbation, i.e. to pass from zero order (as in|ft4j|) to first and second order 
perturbations, and ultimately to tackle the absolute continuity of the elliptic operator 

d 

(1.1) H=Y,(D J -a 3 )g jl (D l -a l ) + V, D j = -idj, 

3,1=1 

with a periodic variable metric {gji} = G and a magnetic potential a = {ai}, for arbitrary 
d > 2. 

The case of first order perturbations, i.e. that of constant G's and variable a's, was 
handled in ]TJ (small a's), §, (d = 2) and |3T| (arbitrary d > 2). If the metric is 
conformal, i.e. the matrix G is given by a scalar multiple of the identity matrix, then the 
problem can be easily reduced to the case of a constant metric. This situation is discussed 
in ||. The most difficult case, that of a general variable G, remained unaccessible until 
the paper |25[|, where it was resolved for infinitely differentiable G's, a's and d = 2. An 



important breakthrough was made in the recent work [TU] where the absolute continuity 
was proved in all dimensions d > 2, but with an additional requirement of the reflectional 
symmetry of the operator. Without the symmetry assumption the question is still open. 
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At present it is only known that without smoothness assumptions on the coefficients the 
absolute continuity may break down. An appropriate example with V = 0, a = and a 
"non-smooth" G was constructed in 0. 

Most of the progress was achieved in the two-dimensional case, which we shall discuss 
in more details. The paper as well as all the earlier papers on absolute continuity, 
relied on the approach suggested by L. Thomas in [33|. Later it was observed in [HJ that 
the general periodic metric can be reduced to a conformal (or scalar) periodic one by a 
suitable isothermal change of variables. This allows one to reproduce the results of p5| 
even under much weaker assumptions, by reducing the problem to the one considered in 
0> 0' 0- This a PP roac h was exploited in j|] for the operator of the form fll.lp with a 
delta-like periodic potential supported by a periodic system of curves. Even more general 
perturbations are studied in [p8fl , p9| . 



The main aim of the present paper is to prove the absolute continuity for the operator 
of the form ( |1 . 1|) with non-constant periodic coefficients, defined in a periodic domain Q C 
M 2 (which is usually referred to as a waveguide) with the Dirichlet or "natural" boundary 
conditions. In these two cases we use the notation Hp or Hn for the operator at hand. 
By the natural boundary conditions we mean either Neumann or the third boundary 
condition. As in Q, we also include in the operator a delta-like periodic perturbation 
supported by smooth curves, which allows us to study the cases of the Neumann condition 
and the third boundary condition simultaneously. In a somewhat restricted generality 



this problem with Dirichlet and Neumann conditions was considered in [32]. Compared 



to |32[ in the present paper the smoothness conditions on the coefficients are substantially 
relaxed, and the case of the third boundary-value problem is also treated. The progress 
has become possible due to a different approach to the problem: instead of Morame's 
techniques we now use the isothermal coordinate change. A similar approach is used in 
the work [RD|| focused on this problem in a slightly different setting. 

The corner stone of our method is an isothermal change of coordinates, which reduces 
the metric to a conformal one. The new coordinates are given by functions satisfying 
the Beltrami equation (see Sect |B| below) with a dilatation coefficient q determined by 
the matrix G (see (|6.2|)), i.e. they define a g-quasi-conformal mapping. We use a 
g-quasi-conformal change of variables which maps the waveguide Q homeomorphically 
onto a straight strip. The existence of such a transformation follows from a "quasi- 
conformal" version of Riemann's mapping theorem (see e.g. JL7[], Ch. 1). Here a key 
point is that the uniqueness part of Riemann's mapping theorem guarantees certain 
natural "periodicity" property of the above homeomorphism (see ( |6.4|) below). This 
ensures that the transformed operators Hp and Hn have periodic coefficients. 

To be precise, the quasi-conformal Riemann's theorem alone is not sufficient for our 
needs. It is also necessary to study the boundary behaviour of the quasi-conformal 
homeomorphism. Moreover, we allow the boundary of the waveguide Q to have corners 
and inward peaks, which give rise to singularities of the map. For conformal maps this 
circle of questions is exhaustively studied in the relevant literature (see e.g. PS|), and 
is usually associated with the names of P. Koebe, O.D. Kellogg and S.E. Warschawski. 
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The extension to the quasi-conformal case is either well known or evident to experts 
in complex analysis. Nevertheless, we have decided to provide precise statements and 
complete proofs, since we were unable to find them in the literature in the form readily 
suitable for our purposes. These results along with the quasi-conformal analogue of 
Riemann's mapping theorem are collected in Sect. |7|. 

As was mentioned earlier, the periodic isothermal coordinates were used in [fL9|, H to 



establish the absolute continuity of the operator H acting in L 2 (R 2 ), which we denote 
below by Hp. They were constructed in [[19] in the following way. Using results from ||, 
39 one can define an analytic structure on the two-dimensional torus with the help of 



local g-quasi-conformal coordinates. Then it follows from the theory of Riemann surfaces 
that integration of the analytic differential on the torus leads to the sought isothermal 
coordinates in R 2 . Note that the above analytic differential exists and is unique up to 
a constant factor, since the torus is a surface of genus one. The secondary aim of our 
paper is to give another, more direct proof of the existence of such coordinates. Instead 
of geometrical considerations of ]nj we rely on the well-known fact (see 0, 0, 0, 



36 ) that there exists a unique g-quasi-conformal homeomorphism of C which preserves 



the points 0, 2tt and oo. Similarly to the waveguide crucial observation here is 

that the uniqueness combined with periodicity of G automatically implies the required 



periodicity of the homeomorphism at hand (see Theorem |6.1|) . Using the isothermal 
coordinates, as in |19j and [|J, we obtain the absolute continuity of the operator Hp. 
Moreover, applying a stronger regularity result for the coordinate change, we are able to 
relax the smoothness restrictions on G in comparison with [BJ, for instance, under 



the assumption det G = 1 the matrix G does not need to be Holder-continuous, but only 
bounded. 

After reduction to a conformal metric, the absolute continuity of Hp results immedi- 
ately from the earlier papers 0, ||. As to the operators Hp,, i/jv, the isothermal change 
of variables reduces them to operators of the same type acting on a straight strip in R 2 , 
with a scalar constant G. From this point on we follow the strategy suggested in |$2|. It 
consists in further reduction to an auxiliary operator Hp with periodic conditions on the 
boundary of the strip of the double width. Then a reference to [|[ secures the required 
absolute continuity. 

The paper is organised as follows. Section ^| contains some preliminary material and 
the precise statements of all main results of the paper (Theorems [2.6| , [2.9|) . In Section 
[3j we make first reductions simplifying the problem. In particular it is shown that it 
suffices to prove the main results for the case det G = 1. This section includes also the 
Floquet decomposition of the auxiliary periodic operator Hp. The important Section |] 
is devoted to a detailed description of the isothermal change of variables. Two central 
theorems of this section (Theorems [O] and |4.2| ) are proved in Sect. ^ after having been 
translated into the language of the quasi-conformal maps. The proof of the main results 
is completed in Sect. [5]. The necessary information on the quasi-conformal maps and 
their boundary properties is collected in Sect. |7|. 
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2. Main results 

2.1. Notation. Lattices and domains. Let ei,e2 be the canonical basis in M 2 . Along 
with the standard two-dimensional square lattice T = (27rZ) 2 , introduce two "one- 
dimensional" lattices: 

7 X = (2vrZ) x {0} = {2nne u n G Z}, 
72 = {0} x (2ttZ) = {27me 2 ,n G Z}. 

We say that a function / is 7 -periodic (resp. T-periodic), if /(x + 2nnej) = /(x) a. a. 
x and all n G Z (resp. /(x + 4) — /( x ) a - a - x an d an £ T). 
For any set 3 C IR 2 define its translates as follows: 

3*0 = {x G R 2 : x - 27rn G 3}, n G Z 2 , 
grH = gr(n) ? with n= ( nj0 ), n G Z. 

We say that the set 3 is T -periodic if 3" = 3( n ) for all n G Z 2 , and that 3 is 7 ^periodic 
if 3 = 3*- n ) for all n G Z. When it does not lead to a confusion, instead of "7!-" or 
'T-periodicity" we use the term "periodicity" . Similarly we define the periodicity of sets 
3" on the cylinder 

e = m 2 / 72 . 

Precisely, 3 C C is said to be periodic (or 7 1 -periodic) if 3*- n ) = 3 for all n G Z. 

We are going to study periodic operators in two-dimensional domains of three types: 
on the entire plain IR 2 , on the cylinder C or on a periodic domain Q C M 2 . Our model 
periodic domain will be the straight strip 

(2.1) S = § d = {x = (a?!, x 2 ) G M 2 : < x 2 < tt d}, d > 0. 

Obviously, the cylinder C can be viewed as the closed strip § 2 with identified lower and 
upper boundaries. In general, we assume that fl is as described below: 

Definition 2.1. We say that a domain Q C M 2 is admissible if there exists a finite 
collection of bounded domains Ej, j = 1,2, ... ,N with Lipschitz boundaries such that 
the set 

(2.2) £ = |J 

is connected, and f2 = \J n ^.%Z^ . 

Note that the domain Q is automatically 7 1 -periodic and bounded in the direction e 2 . 
We also point out that fl satisfies the cone condition (see e.g. p4| , Sect. 1.3.3 ), since so 
do the domains Ej,j = 1,2, . . . , N. Without loss of generality we always assume that 

(2.3) E D {x G Q, : -1 < x x < 2tt + 1}. 

Certainly, the choice of the domains Ej for a given admissible fl is not unique. 
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(2.4) T = 







As a rule we try to treat all three cases simultaneously, and therefore we use the 
notation A either for M 2 or C or f2. Identifying the points that differ by a vector of the 
lattice we define 

'ft/Tx, if A = ft; 

T 2 = JR 2 /T, if A = IR 2 or G. 

Introduce also the fundamental domains: 

(0,2?r) x (0,2vr), if A = R 2 or G, 
{x G ft : < x l < 2tt}, if A = fl. 

In the case A = the set might not be connected. 

Similarly to Q, for our purposes it will be necessary to view IR 2 as being covered by 
bounded domains. Precisely, we assume that there are finitely many bounded domains 
£j, j — 1, 2, . . . , N, with Lipschitz boundaries such that 

N 

c £ = |J £,-. 

System of curves. We also need to introduce a system of curves S in A associated 
with the covering of A by £j's and their translates. Below by a "C m+Q -arc", m G N, 
< a < 1, we mean a Jordan arc in IR 2 which is parametrised by a C m+Q -smooth 
function ij> : [0, 1] -> K 2 such that > 0, t G [0, 1]. 

Definition 2.2. Let A = R 2 or Q, and let the parameter n vary over the set Z 2 ( for 

A = IR 2 ) or Z x {0} (for A = Q). Let ij C £~, j = 1, 2, . . . iV, be a finite set of Clares 
such that 

£(. n ) n ^ = 0, Vn ^ 0. 

Then a (periodic) system of curves SI in A is defined to be a family {Sj} of the closed 
sets Sj C A of the form 

(2.5) £, = U n 4 n) . 

Let A = C. Then the set S is a system of curves in C if there exists a system of curves 
M in IR 2 such that S = M_/j 2 , where the latter being defined as the family {Mj /j 2 }- 
Similarly one defines 

fS/7!, if A = Q or 6; 

(2.6) 3= J = l,2,...,iV. 

(E/T, if A = IR 2 , 



Remark 2.3. (i) In the above definition any two curves £j, £i or their parts can coincide. 
This means in particular that S may contain several "copies" of the same curve. 
The curves are also allowed to meet at the zero angle. 
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(ii) Definition |2.2| prescribes exactly one curve Ej for each of the domains Ej. A seem- 
ingly more general situation when there are finitely many curves in Ej is easily 
reduced to the original one by adding a necessary number of copies of Ej in ( |2.2| ). 



For any bounded set £ C A we denote 
(2.7) £ £ = {£ ii£ }, £ i)£ = U n £ 



where n are such that £^ fl£ 7^ 0. Obviously each £ 3 - £ contains finitely many translates 
oft s . 

Function spaces. Apart from the standard notational conventions for classes of differ- 
entiable functions we use the notation W S,P (C), s — 0, 1, p > 1 which stands for the space 
of all 7 2 -periodic functions from Wj^(R 2 ) equipped with the norm || • ||w s .p(§ 2 )- Similarly, 
the notation W S ' P (T), s — 0, 1, p > 1, means the space of all 72-periodic ( for A = Q) or 
T-periodic (for A = R 2 or A = C) functions u G Wj^(A) with the norm || • ||w s .p(o)- m 
the case p = 2 we use the standard notation H s = \N S ' 2 . The same convention applies to 
Holder spaces C m+a . For instance C m+a (T), m G N U {0}, a G (0, 1) (resp. C m+a (T)) 
denotes the space of all 72-periodic ( for A = fl) or T-periodic (for A = R 2 or A = C) 
functions u G C m+Q (A) (resp. C m+Q (A) ). Certainly, in the case A = R 2 or A = 6 the 
space C m+Q (T) coincides with C m+Q (T). 

To denote spaces of vector- valued functions, we use the boldface letters, e.g. L P (A). 
The notation Di stands for the Jacobian matrix of the function f. Slightly abusing the 
notation we sometimes do not distinguish between L 2 (C) and L 2 (S 2 ) (L 2 (T) and L 2 (0)). 

Function spaces on £ are defined in a natural way. Namely, by definition the space 
L p (£) is a set of functions cr = {crj} such that Oj G L p (T,j),j = 1,2, ... ,N. Similarly 
one defines L P (S). We say that cr is real- valued if all the components <jj are real- valued. 

Definition of traces on £ of functions on A requires special comments. Suppose that 
/ G H^A). The trace f\i 3 is defined to be the trace of the function /|g. G H 1 (£ J ). 
Sometimes we write / instead of the trace /|^ when it does not cause confusion. By 
the embedding theorems and multiplicative inequality for the traces (see |23j, Corollary 
1.4.7/2), / G l r (£j) with any r < 00 and 



(2-8) H/Hl^.) < e||V M || L2(£j) + C^HI^e,), 



for all e > 0. Similarly one defines the traces on the translates which leads to the 



.1 



collection of traces f\s = {f\sj} m a natural way. Note that if an arc £ = £j = £ m 
belongs to Ej fl £ m , then f\ £ = f\i m . On the contrary, if £ C dEj fl dE m for two distinct 
j and m, then f\i, may be different from f\e m . The latter situation can occur in the case 
when A = Q and £ is a part of the boundary of Q such that fl lies on both sides of £. 
Weights and coefficients. We work in the weighted space L 2 (/i, A) with the norm 



\u\ 2 fidx 



A 



1/2 
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where /i is a real-valued periodic function, satisfying the conditions 
(2.9) 



mes{x G A : /i(x) < 0} = 0, 
n e L*(T), t > 1. 



In the cases when it does not cause any confusion, the subscript /x will be omitted from 
the notation of the norm. We are interested in the properties of the Schrodinger type 
periodic operators in L 2 (/i, A), defined by the formal expression 

H = -((D-a),w 2 G(D-a)) + -V + <x<5 s , D = -iV, 

where V,u,a,G are some real- valued periodic (vector /matrix) functions defined on A, 
and er is a real- valued function defined on a system of curves S. Let us now give a 
precise definition of the operators in question. The electric potential V, the magnetic 
vector-potential a and the function cr are supposed to satisfy the conditions 

(2.10) a G L S (T), s > 2; V G L P (T), p > 1, 

(2.11) tr G L r (H), r > 1. 

The coefficient G = {(^(x)}, j, I = 1, 2 is a symmetric matrix- valued function on T with 
real- valued entries gji(x) that satisfy the condition 

fc|£| 2 < (G(x)£,£) < C|£| 2 , 

(2.12) < 1 ^ /_ 11 V£GM 2 , a.a. x G T. 
[detG(x) =C, 

Here and everywhere below by C and c with or without indices we denote various positive 
constants whose precise value is unimportant. As a rule we assume that det G = 1, but 
sometimes it is convenient not to have this restrictions. 
As to u, it is a real- valued function on T, such that 

(2.13) c < w(x) < C, a.a. x G T. 

We are interested in four different realisations of the operator H. Namely, we study 

• H as an operator in L 2 (/i, M 2 ), which will be later referred to as the "full" operator 
Hp] 

• H as an operator in L 2 (/i, C), or which is the same, as an operator in L 2 (/x, §2) with 
periodic conditions on the boundary of 82- In this case we use the notation Hp] 

• H acting in L. 2 (/j,,Q) with the Dirichlet or natural boundary condition. In these 
cases we use the notation H D or H N respectively. 

When we need to treat all four situations simultaneously, we use the notation H^, where 
K will have the meaning of any of the four letters F,P,D, N. 

For each of these four problems the operator will be defined via its quadratic form. To 
give this definition it suffices to assume (|2~9|), ( |2.10| ), ( |2.11| ), ( |2.12| ) and fl2.13| ), although 



E. SHARGORODSKY AND A.V. SOBOLEV 



later on we shall need more restrictive conditions on G and uj. Consider the following 
quadratic form 

(2.14) h[u]= / cj 2 (G(D - a)u, (D - a)w)dx + / V\u\ 2 dx+ / a\u\ 2 dS } 

Ja J a Jt. 

where 

r N r 

(2.15) a\u\ 2 dS = J2 <Tj\u\^dS 

defined either on Dp = H 1 (IR 2 ) (for the full problem), or Dp = H 1 (C) (for the 7 2 ~P er i°dic 
problem), or Dp = Hg(fi) or Dat = H 1 (fi). Depending on the domain we denote the 
form h by hp, hp, hp or respectively. Sometimes, in order to distinguish operators 
defined on different domains or/and with different coefficients and weights, we use the full 
notation H#(uj, G, a, V, [A, <r; A) or its short variants: e.g. H^(u,G). Similar convention 
applies to the notation of the quadratic forms h#. 

Let us check that these forms are closed in L 2 (/i, A). To this end split the form (|2.14 ) 
into the unperturbed form and the perturbation form: 

hx[u] = h$[u] + wx[u}; 

h ( ° ) [u]= I cj 2 (GDM,D^)rfx, 
Ja 

wn[u] = / [— w 2 (GDu, a) It — u 2 u(Ga, Du) + uj 2 (Ga, a)|-u| 2 ]<ix 

J A 

+ / V\u\ 2 dx+ [ a\u\ 2 dS. 

J A Js 

The necessary properties of these forms are contained in 



Lemma 2.4. Let u. satisfy the condition (2.9) and let a, V and er satisfy Q2.10 ), ( 2.11 
Then 

(i) The standard W^-norm is equivalent to the norm induced by the form h# , 

(2.16) C-^UVmII 2 + \\u\H) < 4 0) N + Ml < C(||Vm|| 2 + \\u\\j), \/u e D H , 

with some constant C depending on lu, G, fi; 

(ii) The forms h$ with the domains D^ are closed in L 2 (/i, A); 

(iii) For any e > there exists a constant C e such that 

(2.17) \ m [u]\ < ehP[u] + C e ||u|| 2 , Wu e D K , 

so that the perturbed forms h# are also closed. 

Proof. By virtue of Q2.12 ) and (|2.13|) , we may assume without loss of generality that 
G = I and lu — 1. 
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To be definite, we shall establish the equivalence (|2.16 ) for the case A = Q only. Before 
doing this, we remind the following general fact. Let £ C be an arbitrary bounded 
domain satisfying the cone property. By (|2.9|) the equality 



|w| 2 /i<ix = 



for a constant function u implies that u = in £. Since H 1 (£) is embedded into L h (£) 
for any h < oo (see e.g. [p4| , Sect. 1.8.2), we see that the functional in the l.h.s. of the 
last inequality is bounded by 



II II 2 ^ r< ll II 2 

L*(£)|P||i_A(£) ^ ( ~>H' U IIh 1 (£)' 



2 1 1 
h + t =1 > 



i.e. it is continuous in H 1 ^). Consequently, (see e.g. p4| . Sect. 1.5.4) the functional 



Wurd-x 



\u\ 2 fidx 



defines in H x (£) a norm equivalent to the standard H 1 (£)-norm. 

Let £o be the domain defined in fl2.2|) . By Definition [2.1| the translates ^q\u G Z 
form an open covering of Q, and each of these domains satisfies the cone condition. Let 
us construct a partition of unity subordinate to the covering of Q by the sets n G Z. 
Let C e Cg°(R) be a function such that < ((t) < 1, ({t) = 0, t (-1, 2tt + 1), and 



(2.18) 



X)C" = 1, U*) = C(*-27m) 



n£2 



From ( |2.3| ) it is clear that for any m G H^fi) the truncated functions u„(x) = m(x)^„(xi) 
belong to H 1 (£[ ) n ^), so that all w n 's satisfy the equivalence relation of the form ( f2.16| ), 
with a constant C independent of n. Summing them over n G Z we obtain from ( |2.18| ) 
and the equality ( n V( n = that 



E 



|Vw n ||i + \\u r 



Since the sum in the last integral is bounded, this leads to the required equivalence in 
Q. 

To prove (ii) it remains to show that is embedded in L 2 (/z, A). By the first part of 
the proof any function u G Dh C H x (A) belongs to L 2 (/i, A). By virtue of ( |2.9| ) if w = 
/z-a.e., then inevitably u = a.e. with respect to the standard Lebesgue measure. 

To prove (iii) we use the same partition of unity as in the first part of the proof. Since 
J2 n CnVCn = 0, we have 



E 



Wh[U\ 
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and hence the problem reduces to checking the estimates ( 2.17 ) for each u n individually. 
Furthermore, in view of the periodicity of the domain, it suffices to prove (|2.17|) for the 

domain £ — onr y- Below we denote u = Mo- 
Suppose first that cr = 0. Let us fix an e > and define 

E' s = {x G £ : either |a(x)| > 5~ l , or |V(x)| > (T 1 or //(x) < 5}. 

Denote by xs the characteristic function of 8,' s . Since the functions V\ = (f — Xs)V, a x = 
(f — Xs) a are bounded and /i(f — xs) > 5(1 — X<5), it is straightforward to check, using 
Holder's inequality, that 

\w H ( ai ,V u ^ E )[u]\ < e||Vu||? + C 5 (4e)- 1 || M (l-X5)||? 

< e||Vn||? + C 5 (4e5)- 1 ||n||J, 

for any e > 0. On the other hand, using again the embedding of H 1 (£) into L /l (£) for 
any h < oo (see p4|, Sect. 1.8.2), we easily obtain that 

(2.19) \wh(slxs,Vxs,W £o)MI < C(||ax5|| Ls + hXsWl + || V X s\\lp) (|| Vu|| 2 + ||«||?). 

The norms of a.xs, Vxs can be made arbitrarily small by choosing 5 appropriately. Now 
the r.h.s. of (|2.19| ) satisfies the bound ( p. 17] ) by virtue of (|2.16|) . 

It remains to establish the bound ( p.!7|) for the form w# with a = 0, V = and an 
arbitrary cr, i.e. for 

w hM = / cr\u\ 2 dS = / <r\u\ 2 dS, u = u , 



where the set is defined by ( f2.7| ). Since this set contains only finitely many translates 
of each arc £j, it suffices to establish the sought estimate for each of them individually. 
Denote £ = Ej, a = <7j with some j = 1,2, ... ,N and n G Z. Then by Holder's 
inequality and (|2.8|), for any e > we have 



/ a\u\ 2 dS < II^IIl 4 ^) — e / I Vu| 2 dx + C(e, a) / |u| 2 c?x. 

By (|2.17 ) with cr = the last term is bounded from above by 

e\\Vu\\\ + C{e,a)\\u\\l. 
The required result follows. □ 



By Lemma all four forms h# are closed, and therefore they uniquely define in 
L 2 (//, A) four self-adjoint operators which we denote by H F , H P ,H D and H N . We do 
not need to know the domains of these operators, although they can be specified under 
supplementary regularity conditions on the coefficients, the boundary of fl and the curves 
from S. For instance, if the system of curves contains only the boundary dfl, then 
is the operator of the third boundary value problem with the condition 

cu 2 (G(V — ia)u, n) -f- uu = 0, x G <9fi, 
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where n = n(x) is the exteriour unit normal to the boundary at x G dfl. If S contains 
a curve which has an arc i strictly inside Q and separated from other components of X, 
then the integral over X in ( |2.14|) induces the condition 

[u 2 (GVu, n)] + an = 0, xef, 

on the jump [. . . ] of the conormal derivative across the curve i. 

An important role will be played by the general observation that the singular continu- 
ous spectra of the operators H# are empty, which we state separately for later reference: 



Proposition 2.5. Let A be eith 



er 



or C or Q. Suppose that the conditions 



(12.101 ), ( 12.121) , (|2.13|) and ( |2.11|) are fulfilled. Then the singular continuous spectra of H# 
are empty. 

The proof of this property is based on the standard direct integral representation for 
H#, known as the Floquet decomposition. The crucial fact is that the resolvents of the 
fibers of H# in this representation are compact operator-functions, analytic in the quasi- 
momentum. We are not going to provide all the details of this argument, but refer to 
the comprehensive exposition of this issue in 



, and also to jnj, ]TJ| and P7|| . The 
Floquet decomposition for Hp can be found, for example, in Q and ||. For the operators 
Hd,Hn it is clearly explained in ||. For our purposes we need to describe the Floquet 
decomposition for the operator H P only (see Sect. [$]). 

2.2. Results. Our main goal is to go further and prove that the spectrum of H# is 
absolutely continuous. Here K takes the values F, D or N. The operator Hp plays an 
auxiliary role: we prove its absolute continuity only in the case of a diagonal constant 
matrix G. This result will be decisive in the proofs for the cases D and N. 
Now the conditions (|2.12|) , (|2.13|) are insufficient. Suppose in addition that 

(2.20) u G W 1,5 (T) and GVw G W 1,9 (T), q > 1. 

As far as G is concerned, a number of results will be obtained under the additional 
restriction 



(2.21) 



GgC q (T), «g(0,1) 



Clearly, for a uniformly Lipshitz matrix G the condition ( |2.20| ) is equivalent to w G 
W 2,9 , q > 1. One is tempted to say that due to the presence of the function uj in ( p,14| ), 
the condition det G = const in fl2.12|) does not restrict generality. We emphasise however 
that the smoothness conditions for the functions G and u are different. 
The main result for the operator Hp is contained in the next theorem. 



Theorem 2.6. Let A = R 2 ; and cr = 0. Suppose that the conditions ( [2.91) , (|2.10|) , 

( 2 . 1 2j ) , ( [2. 13 ) and ( 2.20 ) are fulfilled. Then the spectrum of Hp is absolutely continuous. 



Remark 2.7. For a variable G satisfying ( |2.21| ) Theorem |2l] was proved in |4j] even with 
a cr ^ 0. R. Shterenberg [29] recently announced the absolute continuity of Hp under 
the reduced smoothness assumption & G W ' q , q > 2. For our proof we need an earlier 
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result from the paper where Theorem was established for constant matrices G 
and to — 1. 

To prove the absolute continuity of the operators H D , H N we need to impose some 
extra conditions on the domain Q. We assume that Q is 7 1 -periodic and that there 
exists a homeomorphism of Q onto Si. This means, in particular, that the boundary 
of Q consists of two disjoint 7 1 -periodic Jordan curves that we denote by £-,£+. We 
impose the following condition on these curves: 

Condition 2.8. 1. Locally, each curve £ + , is a piece-wise C 1+a -smooth Jordan arc 
with a G (0, 1); 

2. The domain Q does not have any outward peaks, i.e. the interior angle between any 
two smooth components of the boundary at each point of non-smoothness is strictly 
greater than zero. 



Note that Condition [2.8| does not exclude inward peaks, which guarantees that that 
the cone condition is satisfied. Using this fact and remembering that every bounded 
domain with cone condition can be represented as a union of finitely many domains with 
Lipshitz boundaries (see e.g. [23|), one can easily show that the domain Q is admissible 



in the sense of Definition 2.1. 



The parameter a above, without loss of generality can be chosen the same as in the 
condition (|2.21|) . Below we denote by n(x), a. a. x 6 dfl, the exteriour unit normal to 



the boundary <9f2, and by Z C dQ the discrete set where the smoothness of the boundary 
breaks down. Clearly, Z has no finite accumulation points. 



Theorem 2.9. Let A = fi. Suppose that the domain satisfies Condition [O, the set 



E is a system of curves on Vt in the sense of Definition and the conditions 
(|2TTD| ), fln2D , ( FTT3D , ( [DTp , ( PT2CD , ( ggjj ) are fulfilled. Then the spectra of H D and H N 



are absolutely continuous. 

For later convenience we make a couple of simplifying assumptions that do not restrict 
generality. 

First we include the boundary dQ in the system of curves E, even if E already contains 
either pieces of dQ or the entire boundary. The notation for the components of E 
will be as follows. By Condition |2.8| there are finitely many C 1+Q -arcs £j C dQ, j = 
1, 2, . . . , M < oo such that 

where Ej are defined by ( |2.5| ). Since the boundary dQ is a Jordan curve, we can assume 
that any pair of arcs £j, £ s with s, j — 1, 2, . . . , M do not have common interiour points. 
Moreover, since the outward peaks are absent, there are M bounded domains £ 3 - C Q 
with Lipschitz boundaries such that £j C £j. This allows us to include Ej, j = 1,2, ... ,M 
in the initial system of curves in Q. From now on we consider the sets E 3 -, j = 1,2, ... ,M 
to be the first M components of E, and the original components of E will be relabelled 
to have numbers from M + 1 to N. Also we set <7j = 0, j = 1,2, ... , M. Obviously, 
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this procedure does not change the operators H D ,H N , since the quadratic form ( |2.14|) 
remains unchanged. 

Secondly, we assume that if a curve £j, j = 1, 2, . . . , N, contains a point z G Z, then 
z is either the start or the end point of £j, i.e. given a parametrisation - : [0, 1] — > £j, 
we have ^ (0) = z or V'j(l) — z - This can be done by breaking, if necessary, every £j, 
containing a z G Z, into subarcs, and using Remark |2.3] (ii). 



3. Preliminary conclusions 



3.1. Reduction to fi = u = 1. Proposition |2]5| allows one to show that it suffices to 
prove Theorems |2.6| , [O|for uo = fx = 1. The following Lemma is a variant of a well-known 
result (see e.g. ||), and it is a crucial ingredient in our argument. 



Lemma 3.1. In addition to the conditions of Proposition \2.3{ assume also that ( |2.20| ) 



is satisfied. In the case of the operator H N assume also that Condition is fulfilled. 
Then 

(3.1) uj- 1 H^(uj,V,(t)uj- 1 = H H (l,V,a), 



w-^GVc;,!!), if j = 1,2,...,M, 



] 1 , ,-2 



uj-^j, if j = M + 1,...,N. 

Proof. We prove the Lemma for the case K = iV only. To avoid cumbersome calculations 
assume that a = 0, V = 0, a = 0. The general case requires only obvious modifications. 
The second condition in (|2T20| ) and ( gTj) imply that Vuj G L /l (T) with some h > 2. 
Therefore uj G W 1,?i (T) C C(T), and using ( |2.13|) , one can show that the functions u, 
uj~ l are multipliers in H 1 (f2). This implies that the quadratic forms of the operators in 
the r.h.s. and l.h.s. of ( |3.1| ) are both closed on H 1 (fi). Thus it suffices to prove that the 
corresponding bilinear forms coincide. Let us consider the form of the operator in the 
l.h.s. for m,d6 H 1 (fi) (below all integrals are over Q unless indicated otherwise): 

h^\uj)[uj- l u,uj- l v} = J uo 2 {GV{u' l u),W^o~h^))dx 

= J w 2 (G(a; _1 V'U - cj~ 2 mVcj), cj^W - uj~ 2 vVuo)dx 
= y (GVm, W)rfx + j uj~ 2 {GVuj, Vuj)uvdx 



- J W 1 u(GVu,Vv)dx- J w _1 (GVii, Vuj)vdx. 
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Integrate the last integral by parts, remembering that GVcj G W 1,g ,g > 1, and using 
the notation n(x) for the exterior unit normal to the boundary dfl at the point x: 

- / w _1 (GVm, Vuo}vdx = - / ^(GVu^juvdS 
J Jan 

+ J cu~ 1 u(GVuj,Wv)dx + J w _1 «17(V, GVjwtix 

— J w _2 (GVw, Vu)uvdx. 
Substituting this in the initial formula for the bilinear form, we arrive at the relation 
.(oj/v.u.-i.. - h%\l)[u,v]+ Jy-^-- [ 

= h N (l,V,<r)[u,v]. 

It remains to notice that 

M 

i)uvdS, 



h N (u)[u u,lo v] = hjy' (l)[u, v] + / Vuvdkx.— I to (GVoo, n)uvdS 

J Jan 



[ u- l {GVu,n)uvdS = V / ^(GVu;, n) 
Jan =1 JSj 



which completes the proof. □ 

Corollary 3.2. It suffices to prove Theorems \2.6j and \2.f] for uj = 1 and /x = 1. 

Proof. To be definite, consider the case of Theorem fT9] only. Suppose that it holds 



for u> — /x — 1. First we show that the operator H#(l, V,fi), K = D,N, is absolutely 
continuous if /x satisfies (|2.9|) . According to Proposition |23] it suffices to check that it 
has no point spectrum. On the contrary, suppose that A is an eigenvalue of H# with 
an eigenfunction u. Recall that by Lemma |2.4| the quadratic form hn is closed on the 
domain independent of /x. Therefore the equality 

hn(l,V, n,a)[u,v] — X / Mt)/idx = 0,Vt;GD«, 

Jn 

implies that the point A = is an eigenvalue of the operator H$ = H#(l, V — A/x, 1, a). 
On the other hand, the potential V — A/i satisfies ( |2.10| ), so that by Theorem |2l| with 
uj = /x = 1 the spectrum of is absolutely continuous. This contradiction proves the 
claim. 



Let us now remove the condition u = 1. Again, in view of Proposition [2.5| it suf- 
fices to show that the operator Hn(u , V, /x, <r) has no point spectrum. Assuming the 
contrary, we obtain from ( |3.1| ) that for any eigenfunction u of H#(u,V, /x, <r) associ- 
ated with an eigenvalue A, the function uju will be an eigenfunction of the operator 
= H#(l, V — Xuj~ 2 , /x, or) associated with the eigenvalue A = 0. This contradicts the 



absolute continuity of H$, which follows from Theorem 2.S with arbitrary /x and cu = 1, 



in the same way as in the first part of the proof. □ 
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Referring to this Corollary, from now on we always assume that u — /i — 1. 



3.2. Floquet decomposition for Hp. Let us describe the Floquet decomposition for 
the operator Hp for fi — 1, u) — 1. The other coefficients are supposed to satisfy the 
minimal smoothness conditions (|2.10|) , (|2.11|) , (|2.12| ). 

Further we follow almost word to word the papers |§, ||. To describe the spectral 
decomposition, along with the operator Hp acting in L 2 (C) = L 2 (1,C), introduce the 
family of operators Hp(k), fcel defined by the quadratic form 



(3.2) h P (k)[u] 



(G(D - a + kex)u, (D - a + ke^u) + V\u\ 



(ix + / <t\u\ dS, 



on the domain Dp = H 1 (T 2 ). Similarly to ( 2.16|) , this form is bounded from below and 



closed. Consequently, it uniquely defines a self-adjoint operator, which we denote by 
H P {k). Since H P {k) has compact resolvent for all k, its spectrum is purely discrete. 

To relate the family Hp(k) to the operator Hp defined in the previous section, we 
identify the space L 2 (C) with the direct integral 

[ l 2 (T 2 )dk 
Jo 

with the help of the unitary transform called the Gelfand transform U : L 2 (C) — > fj: 
(C//)(x, k) = e i2nkxi e" i2 " fc "V(x + 2™^), x e 0. 

The mapping U can be easily shown to be unitary. Then standard calculations (see e.g. 



27|, Ch. XIII, §16) lead to the formula 

(3.3) UHpU- 1 = [ H P (k)dk, 

Jo 

in the sense that for any f £ Dp one has (Uf)( ■ ,k) G Dp a. a. fcef and 

h P [u,v} = [ h P (k)[(Uu){ ■ ,k),(Uv)( ■ ,k)]dk. 
Jo 

Extend the form hp(k) to all k G C. An estimate similar to ( [2.171 ) shows that this form 



is closed and sectorial for all k G C (see |15|, Theorem VI. 3. 9). Denote the associated 



m-sectorial operator by Hp(k). Its resolvent is compact. Since Hp(k)* = Hp(k), the 
family Hp( ■ ) forms a self-adjoint analytic family of type (B) with compact resolvent 
|15| , Sect. VII. 2). By the Kato-Rellich theorem (see ||15|| , Theorem VII. 3. 9 and 



sec 



Remark VII. 4. 22) the eigenvalues Xj(k) of Hp(k) can be labeled so as to make them and 
associated eigenfunctions analytic in k G 
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3.3. Absolute continuity. In the proof of Theorem |2.9| we shall need the absolute 
continuity of the operator Hp(l, B, a, V, 1, cr; C) with a constant diagonal matrix B: 

Theorem 3.3. Let u — fi — 1. Suppose that the conditions ( [2.101 ), ( |2.11| ) are fulfilled 
and that G = B is a constant diagonal matrix with positive entries. Then the operator 
Hp(l, B, a, V, 1, cr; G) is absolutely continuous. 

This result easily follows from the estimate ( |3.4j ) below, established in [|J. Before 
stating this estimate properly, we make the following remark. 

In view of the analyticity properties of Hp(k), in order to prove the absolute continuity 
of the operator Hp, it will suffice to show that the eigenvalues Xj are not constant as 
functions of k E R (see |[27|| , Theorem XIII. 86). In its turn, this fact will follow if we 
show that for any A 6 1 there is a value k E C such that the operator Hp(k) — A is 
invertible (see []15f| , Theorems VII. 1.10, VII. 1.9). To ensure this property we analyse the 



behaviour of the operator Hp(k) for large values of Imk. The following Proposition is a 
special case of Theorem 2.1 in Q. 



Proposition 3.4. Suppose that the conditions of Theorem \3. 3j are satisfied. Then there 
exist numbers (3 EM. and yo > such that 

(3-4) \\(Hp((3 + ty))- 1 \\<Cy-\ 

for ally > y . 



For any A G R Proposition |3]4| guarantees the invertibility of the operator Hp((3+iy)—\ 
if y is sufficiently large. This ensures that the eigenvalues Xj{k) are not constant in k E R 
and therefore the spectrum of the direct integral ( |3.3| ), and hence that of the operator 



Hp, are absolutely continuous. This completes the proof of Theorem 3.3 



4. Isothermal coordinates. Proof of Theorem 276 



As it was already explained, the proofs of Theorems |2.6j and are based on a re 



duction of the operator H^(G) to the canonical form, i.e. to the operator H^(A) with 
a constant positive-definite matrix A (Recall again that we may assume without loss 
of generality that uj = // = 1). This reduction is done using the so-called isothermal 
coordinates. The required properties of this coordinate change are stated in Theorems 



44| and |47|. Their proof is postponed until Section y. 

We consider two mappings. One is a homeomorphism of the entire plane onto itself, 
and the other is a homeomorphism of the periodic domain Q onto the straight strip §d. 

We always denote F = \/G and assume that 

(4.1) detG = l, 



so that det F = 1 as well. 
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4.1. Change of variables. Below we denote 

'0 -1 



1 / 

The first theorem below describes a suitable coordinate change in M 2 . 

Theorem 4.1. Let G satisfy ( |2.12 ) and ( (4.1[ ). Tnen there exists a unique homeomor- 
phism f = f R 2 = / 2 ) : R 2 -4 R 2 , f 6 H^M 2 ) sncn tnat 

(i) f(0) = ; f(27re!) = 27re 1; and |f(x)| — > oo as |x| — > oo; 

(ii) The components fx, / 2 satisfy the equation 

(4.2) V/ 2 = JGV/i, a.a. x G M 2 . 

Moreover, the map f possesses the following properties: 

(hi) JTie Jacobian Jf(x) = det(Sf(x)J zs positive a.a. xeK 2 . Tae function f and its 

inverse f 1 both belong to W 1( £(K 2 ) u>z'in some r > 2. 

(iv) For any n G £ne nsna/ chain rule holds: 

V(nof) = [2)f] T (Vnof), a.a. x G M 2 . 
Moreover, for any h G Lj oc (K. 2 ) tae function hoi belongs to L 1 1 oc ( Jf, M 2 ) and 

/ h{y)dy= [ (/iof)(x)J f (x)dx 

./f(fil) JHi 

/or any open bounded Qi C M 2 . 

(v) For hi = 27rei and some linearly independent vector h 2 one has 

f (x + 2™) = f (x) + mhi + n 2 h 2 , Vx G K 2 , 

for all n G Z 2 . 

(vi) If ( |2.21|) is fulfilled, then f G C 1+a (IR 2 ) and the Jacobian satisfies the estimate 
Jt (x) > c for all xGK 2 ; 



Note that the properties stated in Theorem Q|(iv) are certainly standard for smooth, 
or even Lipshitz maps f. For homeomorphisms f of class such "standard" results 
as the chain rule or the change of variables under the integral, are not obvious. They 
require in addition that the functions f and f _1 should map sets of measure zero into sets 
of measure zero. This property follows from Theorem [4.1| (iii) according to |T2[], Ch.5, §3. 

Let us now state the appropriate result for an admissible domain Q satisfying Condition 
2TB|. Recall that the boundary dQ consists of two disjoint Jordan curves £ + and 



Without loss of generality we assume that 6 L. As defined in Sect. |, Z C d£l is the 
set of the boundary points where the smoothness of £ + , i- breaks down. 



Theorem 4.2. Suppose that an admissible domain Q satisfies Condition |^.&| . Let G 
satisfy ( p . 1 2j ) , ( f4.1|) and ( 2.21]) . Then there exists a unique homeomorphism f = f^ = 
(A, A) : -> § = Si, f e Hj oc (fi) such that 
(i) f(0) = ; A( x ) — *■ +°° as x i +oo, and A( x ) — > ~°° as x i ~^ —00; 
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(ii) The components fx, / 2 satisfy the equation ( |4.2|) for a. a. x6ll, 
The map f satisfies the following properties: 

(iii) For some number h > one /ias 

f (x + 2miei) = f (x) + 2imhe ll Vx G f2, 

/or a// n G Z; 

(iv) f G C 1+Q (n\Z) ; r 1 G C 1+Q (S \ f(Z)), and the Jacobian J f (x) is positive ev- 
erywhere in Q. Moreover, for each Xo G Z there exist a number v G (0,2] and 
four non-degenerate Holder- continuous matrix-functions M, T and <fr, with real- 
valued entries such that in the vicinity of x and z = f(x ) G f(Z) one /ias the 
representations 

Df(x) = [x-xoi^frf X ~ X ° , Wx), 

\l x — x o|/ 

(4.3) 



m-\z) = |z - zol^ 1 * 1 ^ T(z). 

Vl z - z o\J 

The next Lemma establishes some further properties of f that follow from Theorems 



4.1 and W- 



Lemma 4.3. Let the matrix G and the map f be as in Theorem ^TJ or \4-3j . Then the 
following identities hold: 

(4.4) V/i = -JGV/ 2 , 

(4.5) (FV/i,FV/ 2 ) = 0, 

(4.6) J f = |FVA| 2 = |FV/ 2 | 2 ; 

(4.7) J^Df G £f T = I. 

Proof. As det F = det G = 1, a direct calculation shows that 

J = GJG, J = FJF. 
Noticing also that J 2 = —I, from ( f4.2| ) we obtain ( [4.4| ) and the relation 

FV/ 2 = JFVA. 

This implies the orthogonality ([4.5|) in view of the obvious equality (J£, £) = 0, V£ G M 2 . 
It also yields the equality |FV/i| 2 = |FV/ 2 | 2 . The equality (|4.7|) is a direct consequence 
of flOp and (O). 
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To prove (|4.6|) compute the Jacobian, using ( [4.4| ): 

T , x dfx df 2 dh df 2 . , TV7 , . 



- (V/i,GJGV/ 2 ) = (V/i,GV/i) 
|FV/i| 2 = |FV/ 2 | 2 . 

□ 



Remark 4.4. By (|4.6|) the norm |Sf| can be estimated as follows: |5)f | < if Jf with 
some positive constant K depending on the matrix G. Recall that this inequality serves 
as a definition of the so-called if-quasi-conformal maps (see jll), Sect 12.1). 
Similarly, ICDf)^ 2 = (|S>f iJf 1 ) 2 < KJf 1 . 

4.2. Unitary transformation. Notice that the mapping f = constructed in The- 
orem |4.1| transforms the lattice T = (27rZ) 2 into the lattice generated by the vectors 
h!,h 2 . It is slightly more convenient to reduce this lattice back to T by applying the 
non-degenerate linear transformation R = R K 2 : R 2 — > R 2 defined by the following two 
relations: 

Rb.! = 2nei, Rh 2 = 27re 2 . 
By Theorem |4. l| (v) the composite mapping g = R o f satisfies 

(4.8) g(x + 2vrn) = g(x) + 27rniei + 2vm 2 e 2 , Vx G R 2 , Vn G Z 2 . 
Note that in view of ( |4.7|) , we have 

(4.9) A := J'^g G Dg T = (det R) : RR T . 



Similarly, in Theorem [4.2| the one-dimensional lattice / y 1 is transformed into the lattice 
"Yi = {27mhei},n G Z. We rescale 7^ back to / y l by applying the transformation 
R = : § — > S defined as follows: 

Re 2 = e 2 , Rex = /i _1 ei, 

Then clearly, the mapping g = R o f satisfies the relation 

(4.10) g(x + 27rnei) = g(x) + 2ixne l , Vx G SI, VnG Z. 

Note also that the matrix A in (|4.9|) is diagonal in this case. Depending on the context, 
below we use either the notation g, A or gA, Aa where A assumes one of the two values: 
R 2 or a 
Denote 

'A, if A = R 2 or 6: 



A 



S, if A = Q. 



In the case A = fi, under the conditions of Theorem one can easily show that the 
set S = g(S) is again a system of curves. More precisely, if £j,j = 1,2, ... ,N are the 
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C 1 -arcs from Definition (see also end of Sect. 0), then each g{£j) is again a C 1 -arc 
satisfying all the required properties. In the case of curves £j ending or starting at the 
points of Z this is done by a suitable re-parametrisation, using ( |4.3|) . Recall that g(S) 
contains the boundary of the strip S. 

Introduce also the sets Y, S defined similarly to ( |2.4|) and (|2.6| ) with A and S instead of 
A and E. Note that according to Theorem [4.2| the following is fulfilled for the mappings 
g, g _1 in the case A = Q: 

(4.11) g G W 1 '^'), g- 1 G W 1 ' T (0 // ), Sg _1 |s e L r/2 (E) 

for any bounded domains Q' C f2, Q" C S and some r > 2. 

Using Theorem ^?T|(iii), (iv) and Theorem [4.2| (iv), it is easy to show that the operator 

(^)(x)= M (g- 1 (x)), M GL 2 (A), 
is unitary from L 2 (A) onto the space L 2 (/i, A) with the weight 



0(x) = (j g (g-\x))\ =J % 



g-H x J 



Denote 

'a(x) = (((S)g r )- 1 a)og- 1 )(x) 

,V r (x) = ((J g V)og-i)(x), 
and in the case A = Q denote 

or = (cr 1( a 2 , ■ ■ ■ a N ), 



x G A, 



(x) = |(S)g- 1 )(x)t j (x)|(a J o g- 1 )(x), x G E,, j = 1, 2, . . . , JV, 



where by tj(x) we have denoted the unit tangent vector to Ej- at the point x G E,-. 
In the next Theorem, among other properties of the map S we show that the coefficients 



V, fi, a and <r satisfy the conditions of Theorems [T6] or pT9 

Theorem 4.5. Let 5* 6e as defined above. Then 
(i) Under the conditions of Theorems \2.b\ or \2. !\ one has fx G L T//2 (T), 



V G LP(f ), p PT 



a G L S ~(T), ~s 



2(p- l)+r 
sr 



s-2 + r' 

cr G L r (H), f 



2(r- 1) + r 

where t > 2 is as in Theorem jn (iii) or ( |4.11| ). T/ie exponents p and s satisfy the 
inequalities p > 1, s > 2, r > 1; 
(ii) The map S (resp. S~ l ) is bounded as an operator from H 1 (A) to H 1 (A) (resp. H 1 (A) 
to H l {K)), and from Hj(fi) to Hj(S) (resp. Hj(S) to H£(n)J. 
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Proof, (i) The inequalities p > 1, s > 2 and f > 1 immediately result from the conditions 
p > 1, s > 2, r > 1, r > 2 by inspection. 

It follows from Theorem |4.1| (iii) and (v) or ( 4.11 ), that fl G L T//2 (Y). Let us prove that 
V G LP(T). By Holder's inequality for any bounded domain Qi C K 2 we have 



< 



(P-/3X1-/3)- 1 ■ 

Je-xfx) I dx 



1-/3 



with j3 = pp 1 . Noticing that (p — /3)(1 — (3) 1 = r/2, and using Theorem |4T](iii) , (iv) 
or ( |4.11D , we conclude that the r.h.s. of the last inequality does not exceed 



C 



\V(x)\ p dx 



r/2 ■ 

J„-i(x) | dx 



1-/3 



< oo. 



To prove that a G L S (T) note that in view of Remark 4.4 



|a(x)| s dx< C 



J g - 1 (x)|(aog- 1 )(x) 



S/2 



dx. 



Now, repeating the argument used in the first part of the proof, we arrive at the required 
property. 

A similar calculation can be done for the function er. Precisely, for any C 1 -arc i C Sj 
we have 



|(S)g- 1 )(x)t i (x)| |(a,og- 1 )(x)|j dS 



< 



(f_ 7 )(l_ 7 )-l . 



1-7 



with 7 = rr 1 . Noticing that (r — 7)(1 — 7) 1 = r/2, we conclude that the r.h.s. of the 
last inequality does not exceed 



C 



and therefore, by ( |4.11| ) it is bounded. 



7 r 



\®R-Hx)\ T/2 dS 



1 1-7 
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(ii) Let u G H 1 (A) and v = Su. Let us first prove that Vt> G L 2 (A). Since the matrix 
A defined in ( |4.9| ) is positive-definite, changing the variables, we have 

c||Vwf < /(AVw,W)rfx= / (GVw, Vm) og-Vg-idx 

J A J A 

(GVu,W)rfx < C||Vm|| 2 . 

In the last inequality we have used ( |2.12| ), and to secure the change of variables in the 
case A = K 2 we refer to Theorem |4.1| (iv). 

Since fl = J g -i G L T / 2 (Y) with r > 2, in order to prove the boundedness of the 
operator S : H 1 (A) — > H 1 (A) it remains to use the unitarity of 5* : L 2 (A) — > L 2 (/i, A) and 
Lemma [2.4[ Similarly for S . 

To show that S maps Hq(^) into Hq(§), it suffices to notice that for any u G Co(f2) we 
have u o g _1 g Cq(§). □ 




Lemma 4.6. Let the conditions ([2.101) , ( [2.1 1|) be fulfilled, let g : A — > A be the homeo- 
morphism constructed above, and let A be as defined in ( [4.9|) . Then the following unitary 
equivalence holds: 

SHn(G,Si,V,l,tr;A)S* = #n(A, a, V, fl, a; A). 

Proof. Due to the properties of the mapping S established above, for u, v G Dk(A) we 
have S*u, S*v G D«(A). Therefore it suffices to show that 

hx{G, a,V,l, a; A)[S*u, S*v] = hn(A,a, V, fl, or; A)[u, v] 

for any m,d6 D n (A). 

Assume first that V = and cr = 0. Now denote y = g(x), and write the bilinear 
form h$(G, a, 0, 1, 0; A): 

hx[S*u, S*v] 



(G(x)(V x - ia(x))u(g(x)), (V x - ia(x))u(g(x)))dx 



x (A(V y -^(Dg T )- 1 a(x)) M (y), (V y - i(D g r)-i a (x)) V (y))dx. 
It remains to change the variables y = g(x): 

h*[S*u,S*v]= /<A(V y -ia(y))u(y), (V y - ia(y))«(y))dy. 



QUASI-CONFORMAL MAPPINGS 
To take into account the terms with V and <x write 
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A 



y(x)tt(g(x))u(g(x))dx+ / tr(x)u(g(x))u(g(x))d5' 



^(y)w(yMy)dy 
This calculation completes the proof. 



o'(y)w(y)v(y)dS'. 



□ 



Proof of Theorem 6[ . As it was explained in Remark |277|, Theorem [0| was established 
in 0] for constant matrices G and u — fi — 1. In view of the unitary equivalence 



established in Lemma fO|, and by Corollary |3.2| , Theorem ^]6| for general G and u, fi 
follows immediately from [|7j. □ 



As far as Theorem |2.9| is concerned, by Lemma [4.6| and Corollary |3.2| , it will result 
from 

Theorem 4.7. Suppose that Q — §i ; u — fi — 1. Lei i/ie conditions ( 2.101) , ( 2.11 ) &e 

satisfied, and let G = B be a constant diagonal matrix. Then the spectra of the operators 
Hd(B, a, V, u\ Q), Hjsr(B, a, V, cr; Q) are absolutely continuous. 



5. Proof of Theorems ^F7\ and ^TTJ 



From now on we assume that the conditions of Theorem [4.7| are fulfilled. 

5.1. Extension operators. The proof is based on a reduction of Hp and to a 
periodic operator. To construct the appropriate operator we reflect the strip Si in the 
line x 2 = and extend the functions a, V and a into the lower half of the obtained 
domain. Precisely, denote 

§ u = Si, §j = {x G R 2 : (xi, -x 2 ) G § u }, 
S = S n U S* U {x : x 2 = 0}, 

and define subspaces 

L±(C) = {u G L 2 (C) : u(xi, X2) = ±u(x\, —X2), a.a. x G So} 

of all even (L+) and all odd (Li) functions from L 2 (C). One easily concludes by inspection 
that the projections onto these subspaces are given by the formula 



(5.1) 



y±u = - (u(x 1 , x 2 ) ± u(xx, -x 2 )) ■ 



We shall also need the extension operators W± : L 2 (S t 
defined as follows: 



L|(e). For x G S they are 



(W±u){xi,x 2 ) 



u(x 1 ,x 2 )/V2, x G § u ; 
±u(x 1 ,-X2)/V2, x G S/, 
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and extended to M. 2 as 7 2 -periodic functions. Using the formula 

(5.2) (W± 1 u)(x) = v^u(x),x6S tt , VwG 14(C), 

one readily proves that W± is unitary on L 2 (S U ). To find out how the functions from the 
Sobolev spaces H 1 (S U ), Hq(S u ) transform under the extensions W±, denote 

H^(e) = JiH^e). 

Given the explicit form ( |5.1| ) of the operator ( P±, it is easy to see that 

(5.3) H^(e) = H 1 (e)nL^(e). 

Now, observing that 

(5.4) u(xi, — 7r) = u(xi, 0) = u(xx, 7r) = 0, a. a. x\ G M, 
for all u G H_(C), one sees that 

(5.5) W + H\$ u ) = Hl(G), W-Hl($ u ) = HL(C). 

5.2. Reduction. Now we can describe the periodic operator associated with the oper- 
ators Hd and if at. Assume that the conditions of Theorem [4.7| are satisfied. We begin 
with definition of the corresponding system of curves. Define S u = E 2)U , . . . , Sjv, u ), 

where = j = 1, 2, . . . , N, and 

Si = E 2 ,/, . . . , Sjv,0j 
E^y = {x G §( : (xi, -x 2 ) G 
So = (S u , Sj). 



By Definition |2.2| S is a system of curves in C. We emphasise that this system contains 
two copies of the upper and lower boundaries of the strip Si. 

Define the 7 2 -periodic functions b, Q by applying the extension operators W± to a, V 
in the following way: 

Q = V2 W+V, b 1 = V2 W+a u b 2 = V2 W_a 2 . 

It is clear that the functions Q, hi are even, and 6 2 is odd. Clearly, the new coefficients 
b, Q satisfy (|2.10 ) with T = T 2 . In a similar way we extend to S the function cr, i.e. 
let p be the function on S defined as follows: 



PW 



cr(x), x G S„, 
tr(xi, -x 2 ), x G Tii, 



and extended 7 2 -periodically. Clearly, p satisfies ( |2.11| ) with S = S /7i- 

Now define the reference periodic operator H = Hp(l, B, b, Q, 1, p; G). Using the 
symmetry properties of b, Q, p, we decompose the operator H in the orthogonal sum 
associated with the subspaces = 1-^(6). 

Lemma 5.1. The subspaces are invariant subspaces of the operator Hp. 
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Proof. We need to check that 

(5.6) 3>±D[h] = L%nD[h], 
and that for any u, v £ 

(5.7) h[u, v] = h[7 + u, ? + v) + fc[3>_«, 

The equality ( |5.6| ) follows from ( |5.3| ). To prove (|5.7| ) it will suffice to verify that 

(5.8) h[7 + u,T^v] = 0, Wu,v £ H\G). 
Write out the l.h.s. using the notation w± = y±w: 

^2(bu(Di - bi)u+, (A - k)vJ) + (Qu+,v-) + / pu + ~dS. 

1=1 

Two last terms vanish since Q and p are even functions. In particular, the integrals over 
<9S equal zero in view of ( |5.4| ). To handle the first term make the following table using 
the properties of the coefficients: 

(Di — bi)u + even, (D\ — b\)v- odd, 

(D 2 - b 2 )u + odd, (D 2 - b 2 )v_ even. 

Now it is easy to see that the first term also vanishes, which implies ( |5.8|) . □ 

Denote the parts of the operator H in this orthogonal decomposition by H + and 
H-. It can be shown that H± are unique self-adjoint operators associated with the 
closed quadratic forms h±[ ■ ] obtained from h[ ■ ] by restricting the domain D[h] to 
D[h±] = Hj_(C). The final step of the reduction of H D and H N to H is implemented in 
the following Lemma: 

Lemma 5.2. Let the conditions of Theorem 9| be satisfied. Then 

(5.9) W.H D W1 = W+H N W* = H+. 

Proof. By Q5T5| ) W + D N = D[h + ] and W-T> D = D[h-), and hence it suffices to show that 
the bilinear forms of the operators in Q5.9D , coincide on the domains D[h-] = Hi.(C) and 
= H^_(C) respectively. Let u±,v± £ H±(C). Using ( |5.2| ) and referring again to the 
symmetry properties of the coefficients, one can write: 

(B(D - a)W>±, (D - a)W±v±) 

+ (VW±u±,W±v±) + [ aW±u±W^dS 

= 2 / bu(D t - ai)u±(Di - a{)v± + Vu±v± dx + 2 cru±v±dS 
= / ^1 fyj(A - bi)u±(D l - &/)t> ± + Qui^ dx+ / pu±vZdS. 

J So L J >/ Sn 
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This form coincides with the bilinear form of the operator H±. □ 
Proof of Theorem WTk. The coefficients b, Q satisfy the conditions of Theorem |3.3|. There- 



fore, the periodic operator H is absolutely continuous, and so are the orthogonal parts 
H + and H— By virtue of Lemma |5.2| the operators and Hp are unitarily equivalent 
to H + , H_ and thus they are also absolutely continuous, as required. □ 



Theorem |4.7| combined with Corollary |3.2| and Lemma |4.6| leads to Theorem [2]9 . 

6. QUASI-CONFORMAL MAPS 



In this section we prove Theorems |4.1| and |4.2| . We are using the standard approach 
to second order elliptic equations in dimension two, which consists in passing to the 



complex variable and using the theory of quasi-analytic functions (see e.g. 0, |36fl ). Let 
us define z = x\ + 1x2, f = fi + ifi- 

To begin with we notice that the equation ( |4.2|) for fx, f'2 is equivalent to the Beltrami 
equation (see |3F 



(6.1) d-J = qdj, 

where 



-9i2 + i(l - £22) 



with the complex-valued function 

(6.2) 9 

912 - Hfi^ + 1) 

Note that ||9||l°° is strictly less that 1, and that the Jacobian of f satisfies the relation: 

Jf=\d z f\ 2 -\d-J\ 2 = (l-\q\ 2 )\d z f\ 2 . 

We say that a continuous function / is g-quasi-conformal (or quasi-conformal) if d z f G 
Lf oc and / satisfies the equation ( |6.1| ) for a. a. z. 

6.1. Mappings of M. 2 . The following theorem is a one-to-one "translation" of Theorem 
J] into the language of quasi-conformal mappings, except for additional item (v). 



Theorem 6.1. Let q G L°°(C) be a function such that ||<7||l°° < 1- Suppose that q is 
periodic, that is, 

q(z) = q(z + 27r) = q(z + 2ni), a. a. z G C. 

Then there exists a unique q- quasi-conformal homeomorphism f of the complex plane 
onto itself such that /(0) = 0, f{2n) = 2n, and f(oo) = 00. 
Moreover, 

(i) d z f 7^ almost everywhere; 

(ii) There exists a number r > 2 such that f, f^ 1 G W^(C); 
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(iii) For any u £ H 1 1 oc (C) the derivatives d z (uof) and d s (uof) are found by the standard 
chain rule. Also, for any h £ Lj oc (C) the function hoi belongs to L 1 1 oc ( Jf , C) and 

I h(x)dx= I (/io/)(x)J f (x)dx 

for any open bounded Q\ C C; 

(iv) The mapping f has the following periodicity property: 

(6.3) f(z + 27m + 2inm) = f(z) + 27m + mi, Vz £ C, Vm, n, £ Z, 

TOt/i some x which has a non-zero imaginary part; 



(v) If q(z) = q(z) almost everywhere, then x in ( |6.3|) purely imaginary: k = 
2i lmf(jri) . 

(vi) Ifqe C Q (C), < a < 1, then f £ C 1+a (C) and \d z f\ > for all zeC. 

Proof. By Proposition |7.1| the mapping with the fixed three points 0, 27r, oo exists, is 
unique, and satisfies properties (i), (ii), (iii) and (vi). We need only to prove ( |Q|) and 
(v). Let £ be either 27r or 27u. Along with / the function 

f (z) = 2T /(» + 0-/(0 
" r /( 2l + o-/(0 

is also a solution of the equation ( |6.1| ), due to the periodicity of q. Note that the 
denominator here is not zero as the function / is a homeomorphism, and for the same 
reason f(() ^ as well. Notice also that /(0) = 0, /(27r) = 27r and /(oo) = oo. By 
uniqueness of such a solution, / = /, or, which is the same, 

f(z + Q=*f(z)+c 2 

with 

C = /(2 ' + 2 C) - /(C) . c 2 = /(C). 

Let us consider separately four possibilities: |ci| < 1, |ci| > 1, C\ — e l9 ,9 £ (0, 27r) and 
c\ = 1. We shall eliminate the first three of them, thus proving that c\ = 1. 
Case 1: |ci| < 1. For any integer n > 1 we have 

n—l 



f«) = c 2 s ^c k l =c 2 - 



1-Ci 

fc=0 1 

and hence f{n() —>■ 02(1 — ci) -1 as 00. This contradicts the fact that /(oo) = 00. 
Case 2: |ci| > 1. The sought contradiction follows from Case 1 by rewriting 

/(*- = -/(*)- 

Ci Ci 

and noting that jc^f | < 1. 
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Case 3: c\ = e td , 9 G (0, 2n). Again, as in Case 1, we have 

1-t? 



/«) = c 2 



I -ex 



The r.h.s. remains bounded as n — > oo, which contradicts the requirement that /(oo) = 
oo. 

Consequently, the only possible option is c\ — 1. 

Note that /(27r) = 2n by definition of /, so that ( |6.3|) with m = is proved. Let us 
prove now that the imaginary part of x = /(27u) is non-zero. Suppose, on the contrary, 
that Im x = 0. Then for any integer m one can find another integer n = n{m) such that 
\2im + xm| < 27r, so that the r.h.s. of the equality 

/(27m + 27T77m) = 27rn + xm 

remains bounded as m — > oo. On the other hand |27rn + 27rrm| — > oo as m —>■ oo. Again 
we get the same contradiction, which proves that Im x ^ 0. 

It is left to prove (v). Let ip(z) := f(z). Then (p(0) = 0, <p(2ir) = 2n and <^(oo) = oo. 
Further, it is easy to see (see e.g. Ch. I, Sect. C, (1)) that 

d z (f(z)) = (chf)(z) = (qd z f)(z) = q(z)(d z f)(z) = q{z)d,{f{z)). 



Taking the complex conjugates of both sides and using the equality q(z) = q(z), we obtain 
dzf(z) = q(z)d z ip(z). By uniqueness we then conclude that <p = /, i.e. f(z) = f(z), 
Wz G C, and in particular, /(— iri) = /(ttz). On the other hand ( |6.3| ) implies 



f(iri) = f(—7ti + 2ni) = f(—ni) + x = /(ttz) + x. 
Hence x = 2ilm/(7ri). □ 



Theorem |4.1| follows immediately. 

We emphasise again that the crucial periodicity property ( |6.3| ) of the quasi-conformal 
map / is a direct consequence of the uniqueness in Proposition |7.1| . Besides, we have 
included in Theorem BTT] statement (v) which also follows from the uniqueness. Using 



( |6^ ) one easily sees that the condition q(z) = q(z) in Part (v) is equivalent to the 
following symmetry conditions on the matrix G: 

g jj (x 1 ,x 2 ) = g jj (x 1 ,-x 2 ), j = 1,2, 
9ji(xi,x 2 ) = -g j i(x 1 ,-x 2 ), j ^ l 

Then Re x = means that the isothermal change of variables transforms the initial 
square lattice (27rZ) 2 into another orthogonal lattice. Although this observation is not 
needed in this paper, we consider it to be worth mentioning. 
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6.2. Mapping of the domain Q. The next theorem restates Theorem [O] in the lan- 
guage of quasi-conformal mappings. 



Theorem 6.2. Let Q be a domain as in Theorem in particular Condition \2.$ is 
fulfilled and 6 L. Let q G C a (Q) be a periodic function, i.e. q(z) = q(z + 2n), \/z G fl, 
such that \\q\\i°e < 1- Then there exists a unique q- quasi-conformal homeomorphism f of 
the domain Q onto the strip §i such that /(0) = ; /(— oo) = — oo and /(+oo) = +oo. 
The map f has the following properties: 

(i) For all z eQ 
(6.4) f(z + 2vm) = f{z) + xn, Vn G Z, 

wi/i some x > 0/ 

(iii) / G C l+a (TL\Z), f- 1 G C 1+Q (S\/(Z)) and \dj\ > everywhere in Q. Moreover, 
for each zq G Z there exist a number v G (0, 2] and four Holder- continuous functions 
M, T and $, separated from zero, such that in the vicinity of Zq and Co = f{ z o) G 
/(Z) one /ias t/ie representations 

dj{z) = \z- 3o|£-i$(arg(* - ^ ))M(z), 

^/ _1 (o = ic - cor^Cargcc - Co))t(o. 

Proof. Pick the following accessible boundary points (see e.g. |13|, Ch II, §3 for defi- 
nition) of dVt: — oo, +oo, 0. Then by Theorem |7.2j (i) combined with Remark |7^, there 



exists a uniquely defined quasi-conformal homeomorphism / : Q, — > §i which preserves 
these boundary points. Moreover, the smoothness properties required in (iii) follow from 
Theorem |7.2| (ii) and (iii). It remains to prove ( |6.4| ). 

In view of the periodicity of the domain Q the mapping f(z) = f(z + 2ir) is also a 
quasi-conformal homeomorphism of Q on the straight strip §i. Note that / sends — oo 
and oo into themselves, and the point into zq = /(27r). Note that zq is real, since it lies 
on the lower portion of the boundary of §i, i.e. on the straight horizontal line Imz = 0. 
Consequently, the composition function 

h(z) = f{r\z)), 

defined on S 1; is a conformal homeomorphism of §i onto itself (see ||, Part II, Sect. 
6.2) acting in such a way that — oo, +oo are preserved and h(0) = z . It is easy to see 
that the function h(z) = z + z satisfies the same conditions. On the other hand, such 
a conformal mapping is unique (see e.g. [I3|, Ch. II, §3, Th. 6). Therefore h(z) = h(z) 



and hence 

K z ) = f( z ) + x > x = X = z - 

It is clear that x/ 0, for otherwise the function / would have remained bounded as 
\z\ —> oo, which would contradict the assumption that / sends ±oo into itself. For the 
same reason x > 0, since otherwise +oo and — oo would exchange their places under the 
mapping /. □ 
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For conformal mappings the above argument can be found in [O], Ch. V, §1. 



Now Theorem fO follows from Theorem 6.2 



6.3. Bilipschitz mappings of the domain Q. In this subsection we address a question 
which has no direct effect on the results of the paper, but is nevertheless natural and 
important. If the domain fl has no corners or peaks, then according to Theorem |6.2| 
the homeomorphism / : fl — > Si is C 1+Q -smooth. This is guaranteed by the initially 
assumed C 1+Q -smoothness of the boundary dfl (see Condition |2.8|) and C a -smoothness 
of the matrix G (see ( p. 21 )). In the presence of corners or/and peaks one or both of the 



derivatives d z f, d z f~ l are unbounded. In particular, the homeomorphism / may not be 
Lipshitz even if the boundary dQ is Lipshitz. Therefore it is legitimate to ask whether a 
domain fl with a Lipshitz boundary dfl admits a periodic bilipshitz map ft — > Si. 

To state the question in a precise form recall that a mapping F from a metric space 
{Xi, di) into a metric space (X 2 , d 2 ) is called bilipschitz if there exists a constant M > 
such that 

d 1 (x, y)/M < d 2 (F(x), F(y)) < Md 1 (x, y), Vx, y G X x . 

We say that a curve I G C is Lipshitz if it is a bilipshitz image of K. Note by passing that 
it is easy to give an intrinsic characterisation of a Lipschitz curve. First of all, it is clear 
that a Lipschitz curve is Jordan and locally rectifiable. Conversely, let I : R —>■ C be a 
Jordan locally rectifiable curve such that \£(t)\ —>■ oo as t —>■ ±oo. Using the arclength 
parametrisation, one can easily show that £ is a Lipschitz curve if and only if it is an 
chord-arc curve, i.e. if there exists a constant K > 1 such that the length of the subarc 
of I joining any two points is bounded by K times the distance between them. 

Assume that the boundary of a periodic domain Q consists of two disjoint Lipshitz 
curves £+,£-. Our objective is to find a bilipschitz mapping F of Si onto fl such that 

(6.5) F(z + 2n) = F(z) + 2n, Vz G Si. 

It is evident that the bilipshitz regularity of the curves £± is necessary for the existence 
of such a mapping. Let us convince ourselves that this condition is also sufficient: 

Theorem 6.3. Let Q be a simply connected periodic domain with a boundary consisting 
of two disjoint Lipschitz curves £ + and I- . Then there exists a bilipschitz mapping F of 
Si onto Q satisfying 



Proof. Let ip : Si — > Q be a conformal homeomorphism, mapping ±oo onto ±oo, onto 
a given point of £_ and such that <p(( + x) = ip(() + 2tt, W( G Si with some x > 0. 
The existence of such a map follows from Ch. V, §1. Since £± are Jordan locally 
rectifiable curves, (p can be extended to a homeomorphism of the closure of Si onto the 



closure of f2 (see fl3| , Ch. II, §3, Theorem 4), for almost all Xq G M the finite limits 



lim ip'(xo + it) 7^ 0, lim <p'(x + in — ir) ^ 

T— >0+ T^0 + 



exist, and ip is conformal at xq and xq + in (see |Tj|, Ch. X, §1, Theorems 1 and 3). 
The latter implies that the curves t± meet the arcs £ = ip([x ,Xo + in}) and £\ = 
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(f([x + x, xq + x + in]) at the right angle. Now let us define a closed "fundamental 
domain" of the strip Si: 

A := {x + iy : x < x < x + x, < y < n}. 

The boundary of A consists of four segments 

7_ = [x , x + x], 7+ = [x + in, x + x + Z7r], 

70 = [x ,x + in], 71 = [x ,x + x + z7r]. 

The next step is to define a bilipshitz map Fq from <9A onto ip(dA) = dip(A). Let 
^± := l f{l±) C £±. Since £± are Lipshitz curves, there exists a bilipshitz homeomorphism 
F : 7± — > £±. Further, set i 7 o( 2; ) = V 9 !- 2 ) if z e 7o or 7i- I n view of the periodicity of 
we have 

(6.6) F (^ + x) = F (z) + 27r, z G 7 o- 

Since the arcs £ + , £- and £o, £\ meet at the right angle, it is easy to see that F is a 
bilipschitz mapping of dA onto d<p(A) = <p(dA). Then it follows from |35j (see also [ p2| ) 
that F can be extended to a bilipschitz homeomorphism of C onto itself. This defines a 
bilipschitz homeomorphism F : A —>■ 72(A). By virtue of (|6.6|) it is now straightforward 
to see that the extension F 1 of F , defined by 

Fi(C + nx) :=F (C) + 2t™, (eA,n£Z, 

is a bilipschitz mapping of Si onto Q such that Fi(( + x) = Fi(Q + 2tt, G §1. It 
remains to define F by 

F(x + z'i/) := F x x + iy) . 

□ 

7. General properties of quasi-conformal mappings 

We begin with describing a quasi-conformal homeomorphism of the complex plane 
onto itself. The following general result can be found in 0], M, Part II, Ch. 6, or 



0611, Ch. 2. 



Proposition 7.1. Let q G L°°(R 2 ) be a function such that WqWi^ < 1- T/ien t/iere exists 
a unique quasi-conformal homeomorphism f of the complex plane such that /(0) = ; 
/(27r) = 27r and /(oo) = 00. Moreover, 

(i) T/ie conclusions (i), (ii), (Hi) of Theorem \6. 1\ hold; 

(ii) // g G C a , < q; < 1 ; in a neighbourhood of some point zq, then f G C 1+a and 
\d z f \ > in this neighbourhood. 

The next theorem is a "quasi-conformal" version of Riemann's mapping theorem and 
the results on the boundary behaviour of conformal mappings. The results collected in 
this Theorem probably are not new, but we have not been able to find them stated in 
the form convenient for us. 



32 



E. SHARGORODSKY AND A.V. SOBOLEV 



Theorem 7.2. Let f2 C C be a simply connected open domain with more than one 
boundary point, such that all points ofdVL are accessible. Suppose q G L°°(f2) and < 
1 . Then 

(i) There exists a unique q-quasiconformal map w of Q onto the unit disk D := {( G 
C : \(\ < 1} which maps three given points z%,Z2,Zz G dQ indexed in order of their 
occurrence as one proceeds in the positive direction along dfl (see [f0|, Ch. II, §3) 
onto three given points Ci;C2>C3 £ 9T> similarly indexed. This map and its inverse 
f- 1 belong to W&(fi) for some t > 2. The map f defines a homeomorphism of the 
compactification Q of Q by the accessible points of dQ onto the closed unit disk. 

(ii) Let m G NU{0} ; < a < 1, Zq G £1, and let q be C m+a -smooth in a neighbourhood of 
Zq. Suppose also that if zq G" then the intersection of dfl with a neighbourhood of 
Zq is a C m+1+a -smooth Jordan curve. Then f is C m+1+a -smooth in a neighbourhood 
of zq and \d z f(z )\ > 0. 

(iii) Let Zq G dfl and suppose that the intersection of dQ with a neighbourhood of Zq is 
a piece-wise C 1+a -smooth Jordan curve, < a < 1, with the only angular point at 
Zq, which is not an outward cusp, i.e. the interior with respect to Q angle at zq is 
nonzero. Let 7 : [£1,^2] - * C, 7(^0) = zq be a parametrization of this curve in the 
positive direction. Suppose also that q is C a -Holder continuous in a neighbourhood 
of Zq. Then f and its inverse g := / _1 satisfy the following conditions 

(7.1) d z f(z) = ((z - z ) + q(z )(z - zq))^ 1 F(z), 



(7.2) %(o = (c - Cor 1 ^), %?(0 = -?g?(c))%?(0, 

where Co = f(z ), 



(7.3) - Vfo-O) + -0) U(0,2 L 

* \ 7'(*o + 0) + q{z )i{t + 0) J 

and F , G are Holder continuous and nowhere zero in some neighbourhoods of z 
and Co respectively. 

Remark 7.3. The theorem above uses the disk D as a "target" domain. This choice was 
made only for defmiteness and convenience of the proof. One can easily restate Theorem 
7T2] choosing other simply connected domains as targets. In particular, making obvious 



modifications, D can be replaced with the strip Si. This can be done by mapping T) 
onto Si using a standard conformal map, and noticing that composition of a conformal 
and a g-quasi-conformal mapping is again g-quasi-conformal (see ||, Part II, §6.2) 

Proof of Theorem [7^. Step I Take an arbitrary extension q G L°°(C) of q such that 
1 1 go Ik 00 < 1- There exists a go~quasiconformal homeomorphism w : C — >• C which 
belongs to W^^C) with a r > 2, together with its inverse (see Proposition [?TT]) . Let 



VIq := w(£l), z' k := w(z k ), k = 1,2,3. It is clear that fi is a simply connected domain 
and all points of 8Qq are accessible. Hence there exists a unique conformal map if) of Qq 
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onto T> which maps z[,z' 2 ,z' 3 onto Ci ? C2 , C3 ( see ; e -g- ; [0]) Ch. II, §3, Theorem 6). It is 
not difficult to see that f :=i/j ow : Q — > D is a g-quasiconformal map (see ||, Part II, 
§6.2) having all the properties announced in (i). 

Step II Let f\ : Q —>■ T> be an arbitrary g-quasiconformal homeomorphism mapping 
Zi,z 2 ,z 3 onto Ci? C25 C3- Then f\ o f^ 1 : D — > D is an analytic (see ||, Part II, §6.2) 
homeomorphism and hence a conformal automorphism (see ]n|, Ch. II, §1) with fixed 



points Ci ? C2 , C3 - By the uniqueness result for conformal maps we have j\ o f^ 1 (z) = z, 
i.e. f\ = f. This proves uniqueness and shows that the map / constructed above does 
not depend on the choice of an extension qo. 

Step III Under the conditions of (ii) there exists an extension go which is C m+Q -smooth 
in a neighbourhood of Zq. Then it follows from Theorem 2.9 and the proof of 
Theorem 2.12, that w from Step I is C m+1+ °-smooth in a neighbourhood of zq and 

(7.4) \d z w(^)\ 2 -\dM^)\ 2 >0. 

So, (ii) will follow if we prove that the conformal map ip from Step I is C m+1+Q -smooth 
in a neighbourhood of w(zq) and ip'(w(z )) 7^ 0. We need to do this only if w{zq) G dQ , 
i.e. z G dQ. 

Step IV It follows from Step III that under the conditions of Part (ii), the intersection 
of 8Qq with a neighbourhood of w(z ) is a C m+1+Q -smooth Jordan curve. Let us take 
a simply connected subdomain Q± C Qq with a C m+1+Q -smooth boundary such that 
T := dQi f]dQ is a C m+1+a -smooth subarc of the above Jordan curve, w(z ) belongs to 
T and is different from its endpoints. By the uniqueness result for conformal maps we 
can choose conformal maps ip\ : Qi — *■ T) and if : D — ► so that 



ip — (p o ipi in 



The map ipi is C m+ +Q -smooth in the closure of f^i and iP' 1 {w{zq)) 7^ (see [pq| . Theorems 
3.5, 3.6) 

The mapping (p maps an open circular arc containing ipi(w(zo)) onto a circular arc. 
Hence (p is holomorphic in a neighbourhood of ipi(w(zo)) and ip'{ipi{w{zo))) 7^ (see |I3| , 
Ch. II, §3, Theorem 5). Therefore i/j is C m+1+Q -smooth in a neighbourhood of w(zq) and 
i/j'(w(zo)) 7^ 0. Note by passing that this is in fact a variant of Kellogg's theorem (cf., 
e.g. 0, Sect. 29 or @, Ch. II, §1, Theorem 1). 



The proof of (ii) is now completed. 
Step V The proof of (iii) is similar to that of (ii). Let go be an extension of g which is 
C a -H61der continuous in a neighbourhood of zq. Then similarly to Step III, w from Step I 
is C 1+Q -smooth in a neighbourhood of zq and it satisfies ( |7.4j ). Therefore the intersection 
of 8Qq with a neighbourhood of w(z ) is a piece-wise C 1+Q -smooth Jordan curve with the 
only singular point at w(z ). This curve is parameterized by [ti,tz\ 3 t 1— > w(j(t)) G C. 
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The equality d 2 w{z) = q(z)d z w(z) implies 
dw( 1 (t ±0)) 



dt 



d z w{z Q )i{t Q ± 0) + d- z w{z )i{t ± 0) 



( 7 '(t ± 0) + q(z h>(t ± 0))d z w(zo) 



Therefore the interior with respect to Q = w(Q) angle at w(zq) equals ttu, where v is 
given by (|7\3|). 

Step VI Now we need to investigate the properties of the conformal map ip : Qq — > D. 
Using the argument from Step IV we can reduce this to the study of a conformal map 
■01 : Oi — > D, where Qi is a simply connected domain with a piece-wise C 1+Q -smooth 
boundary and the only singular point w(zq), where the interior with respect to Qi angle 
equals nu > 0. Applying Warschawski's theorem (see e.g. Theorem 1.9, and \TE 
Ch. 3, §3) we obtain that ip and its inverse rj := if>~ 1 satisfy the conditions 

if/(w) = (w- w(z ))^(w), i/(0 = (C - Co)^^(C), Co = VM*b)), 

where ^ and E are Holder continuous and nowhere zero in some neighbourhoods of w(zq) 
and Co correspondingly. Now (iii) follows from the formulae f = ip o w, g = w^ 1 o rj and 

w(z) - w(z ) = (d z w(z )(z - zq) + d 2 w(z )(z - z )) u(z, z ) 
= ((z - z Q ) + q{z )(z - zq)) d z w(z ) lu(z, z ), 

where u(-,z ) is Holder continuous in a neighbourhood of z and u(zo,Zo) = 1. The 
second equality in (|7.2| ) follows from 0, Part II, Ch. 6, Appendix, Theorem 3(iv) (see 
also U, Ch. I, Sect. C). □ 

8. Acknowledgements 

The authors are thankful to M. Birman, T. Suslina, and R. Shterenberg for fruitful 
discussions. R. Shterenberg's comments allowed us to remove unnecessary restrictions 
on the coefficients and thereby simplify the statements and proofs of the main results. 
We are also grateful to T. Suslina and R. Shterenberg for making available to us the 
results to be published in paper |30 . 



References 

1. L.V. Ahlfors, Lectures on quasi- conformal mappings, D. Van Nostrand 1966. 

2. and L. Bers, Riemann's mapping theorem for variable metrics, Ann. Math. 72 (1960), 385- 

404. 

3. L. Bers, F. John and M. Schechter, Partial differential equations, J. Wiley & Sons 1964. 

4. M. Birman, R.G. Shterenberg and T. Suslina, Absolute continuity of the spectrum of a two- 
dimensional Schrodinger operator with potential supported on a periodic system of curves, Algebra 
i Analiz 12, no 6 (2000), 140-177 (in Russian); Preprint ESI No 934 (2000). 

5. M.Sh. Birman and M. Solomyak, On the negative discrete spectrum of a periodic elliptic operator in 
a waveguide-type domain, perturbed by a decaying potential, J. Anal. Math. 83 (2001), 337-391. 



QUASI-CONFORMAL MAPPINGS 



35 



6. M. Birman and T. Suslina, Two-dimensional periodic magnetic Hamiltonian is absolutely continuous. 
Algebra i Analiz 9, no 1 (1997), 32-48 (in Russian); Engl, transl. in St Petersburg Math. J. 9 (1998), 
21-32. 

7. , Absolute continuity of the two-dimensional periodic magnetic Hamiltonian with discontin- 
uous vector-valued potential, Algebra i Analiz 10, no. 4 (1998), 1-36 (in Russian); Engl, transl. in 
St. Petersburg Math. J. 10, no. 4 (1999), 579-601. 

8. , Periodic magnetic Hamiltonian with a variable metric. Problem of absolute continuity, 

Algebra i Analiz 11 no. 2 (1999), 1-40 (in Russian); Engl, transl. in St. Petersburg Math. J. 11, no. 
2 (2000), 203-232. 

9. N.D. Filonov, An elliptic equation of second order in the divergence form, having a solution with a 
compact support, Probl. Mat. Analiza, Vyp. 22 (2001), St-Petersburg University (In Russian). 

10. L. Friedlander, On the spectrum of a class of second order periodic elliptic differential operators, 
Preprint, Tucson, Arizona 2001. 

11. D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Springer 2001. 

12. V.M. Gol'dstein and Yu. Reshetnyak, Quasi- conformal mappings and Sobolev spaces, Kluwer 1990. 

13. G.M. Goluzin, Geometric theory of functions of a complex variable, Translations of Mathematical 
Monographs, Vol. 26, AMS 1969. 

14. R. Hempel and I. Herbst, Bands and gaps for periodic magnetic Hamiltonians, in Operator Theory: 
Advances and Applications, vol. 78, Birkhauser 1995, 175-184. 

15. T. Kato, Perturbation theory for linear operators, Springer 1966. 

16. G. Khuskivadze, V. Kokilashvili and V. Paatashvili, Boundary value problems for analytic and 
harmonic functions in domains with nonsmooth boundaries. Applications to conformal mappings. 
Mem. Diff. Eq. Math. Phys. 14 (1998), 1-195. 

17. S.L. Krushkal', Quasi- conformal mappings and Riemann surfaces, J. Wiley & Sons 1979. 

18. P. Kuchmcnt, Floquet theory for partial differential equations, Birkhauser 1993. 

19. P. Kuchment and S. Lcvcndorski, On the structure of spectra of periodic elliptic operators, Preprint, 
2000 ( http://www.ma.utexas.edu/ml p_ arc- bin/mpa?yn=00-388), to appear in Trans. AMS. 

20. M.A. Lavrent'ev, Variational methods for boundary value problems for systems of elliptic equations, 
P. Noordhoff 1963. 

21. M.A. Lavrent'ev and B.V. Shabat, Metody teorii funktsii kompleksnogo peremennogo, GITTL 1951 
(in Russian); Transl.: Methoden der komplexen Funktionentheorie, Mathematik fur Naturwis- 
senschaft und Technik, Bd. 13, Dcutscher Verlag der Wissenschaften 1967. 

22. P. MacManus, Bi-Lipschitz extensions in the plane, J. Anal. Math. 66 (1995), 85-115. 

23. V.G. Maz'ya, Sobolev spaces, Springer 1985. 

24. V.G. Maz'ya and SV. Poborchi, Differentiable functions on bad domains, World Sci. 1997. 

25. A. Moraine, Absence of singular spectrum for a perturbation of a two-dimensional Laplace- Beltrami 
operator with periodic electromagnetic potential, J. Phys. A: Math. Gen. 31 (1998), 7593-7601. 

26. Ch. Pommerenke, Boundary behaviour of conformal maps, Springer 1992. 

27. M. Reed and B. Simon, Methods of modern mathematical physics, IV, Academic Press 1975. 

28. R. Shterenberg, Absolute continuity of the two-dimensional magnetic Schrddinger operator with a 
potential of the measure density type, Zap. Nauchn. Sem. POMI 271 (2000), 276-312 (in Russian); 
Preprint KTH, Stockholm (2000). 

29. , Absolute continuity of the spectrum of the two-dimensional Schrddinger operator with a 

positive electric potential, Algebra i Analiz 13 (2001), no 4, 196-228 (in Russian); Engl, transl.: St 
Petersburg Math. J. 13 (2002), no 4. 

30. and T. Suslina, Absolute continuity of the spectrum of a magnetic Schrddinger operator with 

metric in a two-dimensional periodic waveguide, in preparation. 

31. A.V. Sobolev, Absolute continuity of the periodic magnetic Schrddinger operator, Inv. Math. 137 
(1999), 85-112. 



36 



E. SHARGORODSKY AND A.V. SOBOLEV 



32. A. V. Sobolev and J. Walthoe, Absolute continuity in periodic waveguides, Preprint, University of 
Sussex 2000. 

33. T. Suslina, Absolute continuity of the spectrum of periodic operators of mathematical physics, in 
Proc. of Journees Equation aux Derivees Partielles, Nantes 2000, Expose XVIII. 

34. L.E. Thomas, Time dependent approach to scattering from impurities in a crystal, Comm. Math. 
Phys. 33 (1973), 335-343. 

35. P. Tukia, The planar Schdnflies theorem for Lipschitz maps, Ann. Acad. Sci. Fenn. Series A I Math. 
5 (1980), 49-72. 

36. I.N. Vekua, Generalized analytic functions, Pergamon Press 1962. 

37. C.H. Wilcox, Theory of Bloch waves, J. Anal. Math. 33 (1978), 146-167. 

Centre for Mathematical Analysis and Its Applications, University of Sussex, Falmer, 
Brighton, BN1 9QH, UK 

E-mail address: E.Shargorodsky@sussex.ac.uk, A.V.Sobolev@sussex.ac.uk 



